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INTRODUCTION
Except for the effects of the free surface, the laws which govern the motion of fluids in closed conduits are equally applicable to uniform open-channel flow. Rapid advances have been made in recent years on the problem of flow in circular closed conduits. Similar progress has not been made in the field of open-channel flow because of additional complexities created by the presence of the free surface and by the normally asymmetrical cross section. Comparatively few systematic investigations have been made of open channels since the monumental work of Bazin, over a century ago. Bl
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The experimental data for this report were collected during an earlier study and have been reported in part by Tracy and Lester (1961) . The project was conducted in the hydraulics laboratory of the Georgia Institute of Technology, under a cooperative agreement between the U.S. Geological Survey and the Georgia Institute of Technology. The analysis for this report was performed under the direction of Dr. M. R. Carstens, Professor of Civil Engineering at Georgia Institute of Technology.
The objective of this investigation was an analysis of the data; special study was made of the cross-channel transfer of linear momentum. The writer's analysis was based on a study of the shearstress distribution along the channel bottom and walls.
LINEAR MOMENTUM TRANSFER
All shear flows are characterized by a net transfer of longitudinal linear momentum from regions of higher linear momentum to regions of lower linear momentum.
The simplest example is that of laminar flow in a pipe. In such flow, linear momentum is transported toward the wall region by a molecular transfer. Where flow in a pipe is turbulent, the linear momentum is transferred to the wall region by the movement of microscopic masses of fluid.
Another example is that of overbank flow. In this type of flow, linear momentum is transported from the main channel section to the overbank section both by turbulence and by vertically oriented giant eddies (at least with shallow depths in the overbank section) which form at the junction plane of the main channel and overbank sections. The existence of these vertically oriented giant eddies was observed by Wilroy (1953) and Rodriguez-Diaz (1954) in their studies of the hydraulic jump in a nonrectangular open channel. The channel studied by Wilroy and Rodriguez-Diaz had vertical walls and a crosschannel slope of the bottom; the depth across the channel was therefore variable. For a hydraulic jump to occur in such a channel, a massive transfer of linear momentum from the deeper to the shallower part is required. Rodriguez-Diaz observed that, under certain conditions, turbulence plus steady cross currents were sufficient to effect the required transfer. On the other hand, if the required rate of transfer was too great, vertically oriented giant eddies formed which were capable of massive transport of linear momentum toward the shallower side.
Another mechanism which can transport linear momentum consists of line vortices alined with axes along the channel. The superposition of these line vortices on the flow is called secondary circulation. Prandtl (1952) presented a hypothesis about the location of these TRANSFER OF MOMENTUM, RECTANGULAR CHANNELS B3 vortex pairs in various noncircular conduits. This secondary circulation is an effective supplement to turbulence in transferring linear momentum toward the wall regions in flow in noncircular conduits.
In a rectangular open channel, linear momentum must be transferred both downward toward the floor and laterally toward the walls. The lateral transport is necessitated by the existence of boundary shear on the walls. Where flow is two dimensional the net transport is in only one direction toward the floor. Conceptually the flow is divided into two three-dimensional flow regions near the walls and into a two-dimensional flow region in the central part of the channel. The mean and the fluctuating velocity patterns in a two-dimensional region have been studied by Laufer (1951) , who conducted experiments using a rectangular smooth conduit. The existence of a threedimensional flow region near the wall is reflected in the following flow characteristics: Mean velocity, turbulence, apparent shear stresses, and boundary shear stress.
Boundary shear stress is a flow characteristic of major interest to engineers. For example, most engineering analyses are based on a gross-streamtube analysis, for which the total boundary shear force is generally required. As a further example, movement of particles on the bed and on the banks of a stream is directly related to the boundary shear stress. Determination of the boundary shear-stress distribution and the cross-channel transfer of linear momentum in rectangular open channels was the object of this investigation. The linear momentum transport terms are as follows: 1. The linear momentum transport rate out througn face 6 exactly equals the transport rate in through face 5. 2. The net transport rate of linear momentum through face 3 by turbulent eddies is zero, because of the location of face 3 on the axis of symmetry. 3. The linear momentum transport rate out through face 4 is affected both by turbulent eddies and by secondary circulation. The traditional treatment of the term for the rate of transport of linear momentum out through face 4 is to transfer it to the left side of equation 1. After this transfer is performed, the term can be considered as representing apparent shear force, ra yQ dx.
The linear momentum equation is:
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in which 6= one-half the total channel width x = distance in the longitudinal direction y0 = uniform flow depth z= distance laterally from the wall 7= fluid specific weight 0= slope angle T05= shear stress on the channel bottom T0 = average apparent shear stress For the entire channel that is, 2=0 equation 2 reduces to:
in which TO& is the mean shear stress on the bed and TOM is the mean shear stress on the wall. Equation 2 simplified is
in which SQ is the bottom slope, sin 6. The common procedure is to obtain the mean value over the entire boundary rather than averaging the bottom and walls separately. Hence equation 3 can be simplified as follows:
in which TO is the mean shear stress averaged over the entire boundary; A is the cross-sectional area, ByQ ; P is the wetted perimeter, B-\-2yG ; and R is the hydraulic radius, AjP.
REVIEW OF THE LITERATURE
Very few publications are entirely devoted to cross-channel transfer of linear momentum and (or) to shear stress distribution. Most investigations into the determination of the shear stress in open channels were either directed toward methods of measuring shear stress or undertaken as a side product of a larger investigation. The major part of these investigations was done hi conjunction with studies of sediment transport. This is partly due to the fact that a knowledge of the shear stress (or tractive force, as it is usually referred to in sedimentation studies) is required for investigation of channel stability. Keulegan (1938) , using the Karm&n-Prandtl velocity law,
LABORATORY STUDIES OF OPEN-CHANNEL FLOW derived the expression for the mean velocity in a trapezoidal cross section
hi which o= constant R= hydraulic radius u= velocity at a point U= average velocity for the cross section «# = shear velocity, VTO/P w#= average shear velocity, VTO/P y= distance above the channel bottom /3 = correction for the variation in shear along the solid boundary e= correction for apparent shear at the free surface «=Von Karmdn's constant v kinematic viscosity
Keulegan stated that the correction for apparent shear at the free surface may be neglected and that the correction for the variation hi shear along the solid boundary of rectangular channels may be taken as 0.1. He showed that the hydraulic radius can be used in equation 5 as the characteristic length for the cross section. Using Bazin's data, Keulegan also computed the shear velocity for points along the bottom and walls of the channel by means of equation 5. Lane (1955) made an attempt to determine the shear distribution by a mathematical process. He used the Karmdn-Prandtl logarithmic distribution and boundary layer theory to obtain mathematical solutions of a supposedly analogous differential equation for a rectangular channel having a depth-to-width ratio of 1 to 2. His results showed a maximum shear stress on the bottom approaching yyoS0 (the two-dimensional shear stress) and a maximum of Q.7Gjy0S0 on the walls. Leutheusser (1963) , in a study of turbulent flow in rectangular ducts, determined the shear stress around the periphery of rectangular ducts having aspect ratios of 1 to 3 and 1 to 1. He computed the shear stress by use of Preston's technique. Leutheusser's tests were made at Reynolds numbers that ranged from 34,000 to 92,000. He found shear stress distribution to vary with Reynolds number. Hsu (1955) extended Preston's technique for the determination of local skin friction in pipes to that for boundary layer flow with adverse pressure gradients. He was able to check Preston's calibration curve almost identically for round-surface pitot tubes on flat surfaces that had either a zero pressure gradient or an adverse pressure gradient. Hwang and Laursen (1963) showed that the methods evolved by Preston and Hsu give satisfactory results even for channels that have rough boundaries.
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APPARATUS AND PROCEDURES
THE FLUME
The laboratory tests were made in a steel flume 3.5 feet wide, 18 inches deep, and 80 feet long ( fig. 2) . The flume is supported at its midpoint on a fixed pivot and at the ends by pairs of screw jacks. An electric motor at the pivot drives the two pairs of jacks simultaneously through torque tubes of equal length. The drive mechanism also furnishes a method for the determination of the flume slope. The number of turns made by the torque tubes from the level flume position is indicated by a mechanical counting device. The vertical displacement of the two ends of the flume for various counter readings \ -2.0 ft-1.5 ft-FIGURE 2. Channel cross sections.
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has been measured by precise levels. A calibration of counter reading against flume slope has been prepared from this data and from the measurement of the distance between the two end points. Tracy and Lester (1961) gave a detailed description of the flume. Water is supplied to the flume by the laboratory recirculating system through either a 12-or a 6-inch line. Discharges are measured by a venturi meter in the 12-inch line, or by an orifice meter hi the 6-inch line. Both meters were calibrated gravimetrically.
The depth of flow in the flume is regulated by an adjustable tailgate or by a sluice gate at the entrance of the flume.
Later, an overbank section was placed in this flume. The channel thus formed had a 2-foot-wide main flow passage and a 1.5-foot-wide overbank ( fig. 2 ). These two sections were connected by a vertical wall 0.4 foot high. A rectangular channel 2 feet wide and 0.4 foot deep was then available.
DEPTH MEASUREMENTS
Near the normal depth, flow in uniform channels varies gradually from section to section. The change may be almost imperceptible over short distances, as in the 80-foot length of t|ie experimental flume. For mild channel slopes the normal surface* profile is the upstream asymptote to the Ml and M2 backwater curves. For steep slopes the normal profile is the downstream asymptote to the S2 and S3 curves. In each profile the normal line lies between the two curves. The method used to determine the normal flow depth consisted of the measurement of the surface profile at depths slightly greater than the normal, and at depths just shallower than the normal. The normal depth was then interpolated between the two curves. Point-gage readings to the nearest 0.001 foot were made at five points in cross sections at 1-foot intervals for the length of the flume. The point-gage readings were compared with the piezometric level at selected points in the flume.
In figure 3 a typical set of depth measurements is shown for both a mild and a steep slope. manometer. The velocity data were taken at the downstream end of the flume near the 70-foot station ( fig. 3 ). The stagnation tube was held in place by an arm on a carriage, which rolled on rails along the top of the sidewalls and could be locked in place anywhere along the flume. The carriage had a mechanism for precise positioning of the stagnation tube in both the horizontal and the vertical directions. The position of the stagnation tube, in relation to both the flume bottom and the vertical walls of the channel, could be determined to the nearest 0.0001 foot. Point vertical velocity traverses were made in the flow at various locations in relation to the wall. A traverse was also made with the stagnation tube in contact with the wall.
RESULTS
This investigation utilized 22 tests in a 3.5-foot-wide channel and 4 tests in a 2-foot-wide channel. The pertinent information from each of these tests is listed in table 1. 
SHEAR-STRESS ANALYSIS
Two methods were used to determine shear stress at points along the channel periphery. 
in which 5.75 u* is equal to the slope of the vertical velocity traverse curve ( fig. 4) . The shear stress can be determined because u* =V^o/PThe second method used to determine the shear stress was Preston's method. This method was used for those tests in which the stagnation tube was placed in contact with the channel boundary. The first method was used only for the channel bottom. For the limited number of tests, data were available to make shear-stress determinations by both methods. The results compared favorably. 
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DISTRIBUTION OF THE SHEAR STRESS
Figures 5-11 show the shear-stress distribution across the channel bottom for a range of depth-to-width ratios. They represent the actual shear stress, T0&/72/0So> divided by the two-dimensional shear stress as a function of z/b, which is the ratio of the distance from the vertical wall to the half-channel width.
These illustrations indicate that the shear-stress ratio decreases as the depth-to-width ratio increases. Thus, an increase in depth-towidth ratio beyond those values tested would probably result in still lower values. Figure 12 shows the shear-stress distribution for channels whose depth-to-width ratio is 0.25 and 0.50, as presented by Lane (1955) .
The shear-stress distribution for the vertical walls, for the different ranges of depth-to-width ratios, is shown in figures 13-17. The curves show the actual shear stress divided by the two-dimensional shear stress as a function of yly0, which is the ratio of the point depth to the total flow depth. MAXIMUM SHEAR STRESS Figure 18 shows the maximum shear stress for the channel bottom, TO& (maximum), divided by the two-dimensional shear stress, yyoS0, as a function of the depth-to-width ratio of the channel cross section. The values of maximum shear stresses shown in figure 18 were obtained from figures 5-11 at 3/6=1.0.
If the flow were two-dimensional the maximum shear stress, TO& (maximum), would be equal to yjtoSo-From figure 18 one observes that the maximum shear stress, TO& (maximum), is equal to yy^So for values of y0/B less than 0.08. The implication is that if the channel is narrower than the limit y0/B=O.OS, no two-dimensional flow zone exists. In other words, the width of the region affected by the wall is about six tunes the flow depth. Tracy and Lester (1961) reported that, for the velocity distribution, the width of the wall region is two to three times the flow depth. They defined a wall region as the region which lies between the vertical wall and the vertical velocity traverse which first deviates from the characteristic logarithmic profile of the central region.
The central flow region defined by the shear-stress distributions is lesser in extent than that obtained using the criterion of Tracy and Lester. Another criterion such as the equality of turbulence characteristics would probably result in a third definition of a central flow region. A reasonable assumption is that no two-dimensional flow zone exists in a rectangular channel; rather, the flow is approximately two-dimensional in the central regions of channels, in which yQ/B<Q.Q8. Lane (1955) derived a curve, similar to that of figure 18, for the maximum shear stress on the channel bottom. Figure 19 is a comparison of the curve devised by Lane with the curve from figure 18, where the curve from figure 18 is extended to y0/B=Q.25. Figure 20 is a curve for the maximum shear stress on the walls, and figure 21 shows a curve, which was derived by Lane, for the maximum shear stress on the wall compared with the curve from figure 20.
Comparison of the mathematically derived curves with the curves computed from experimental data in figures 19 and 21 at y0/B=0.25 indicates that the mathematically derived curves give higher values of maximum shear stress, for both the bottom and the walls, than do the curves computed from experimental data. Comparison of figures 11 and 12 also shows that the values for the center of the channel given by the mathematically derived curve are higher than those computed from the experimental data.
The mathematically derived distribution is probably only a smoothcurve approximation of the actual shear-stress distribution, which gives approximately the correct average shear stress but gives values for the maximum shear stress that are too high.
AVERAGE SHEAR STRESS
The average shear stress for the bottom and for the walls was determined by integrating the shear-stress distribution curves for each test. These average shear stresses, TO, divided by the twodimensional shear stress, yyoS0, were then plotted in figure 22 as a function of the depth-to-width ratio, y0/B, of the channel cross section. An average shear stress was found from the shear-stress distributions given by Keulegan (1938) and Leutheusser (1963) . These values are also shown in figure 22 .
A curve for the average shear stress for the entire channel boundary was computed by means of equation 8 (which was obtained by eliminating yS0 from eq 3):
(8) Figure 23 shows the curve computed from equation 8 compared with a curve for the average shear stress, for the total boundary of the cross by dx and by rearranging terms. This results in the following equation:
The apparent shear force for an incremental distance, dx, was computed for the tests for various distances from the wall toward the channel centerline by use of equation 9. The uniform flow slope, SQ, was substituted for sin 6, The shear stress across the channel bottom, T06, was found from figures 5-11. The fluid specific weight, 7, the uniform flow depth, y0, the half -channel width, b, and the uniform flow slope, S0, were available, from the experimental data, for each test. Figure 24 shows the values of Fa, the apparent shear force 
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for an incremental distance, dx, divided by b 7 yoS0, as a function of the channel depth-to-width ratio, yQ/B, and of the ratio of the distance from the wall to the channel centerline, z/b.
CROSS-CHANNEL TRANSFER OF MOMENTUM
The cross-channel transfer of momentum, ra y0 dx, can be found for uniform flow hi a smooth rectangular open channel for any section between the wall and the channel centerline. This transfer for an incremental distance, dx, can be determined from figure 25 if the fluid specific weight, 7, the uniform flow depth, y0, the uniform flow slope, S0, and the half-channel width, b, are known. Figure 25 , which was derived from figure 24, shows curves, for various depth-to-width ratios (yQ/B), of F£ (the apparent shear force for an incremental distance, dx) divided by 67 yoS0, as a function of the ratio of the distance from the wall to the channel centerline (z/b}.
SUMMARY
All shear flows are characterized by a net transfer of forward linear momentum from regions of higher linear momentum to regions of lower linear momentum.
In open channels there is also a lateral cross-channel transfer of linear momentum. This lateral transfer can be from a main channel section to an overbank section, or it can be from the central region to the vertical wall regions in a rectangular channel.
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The object of this investigation was to study this lateral transfer of momentum from the central region to the vertical wall regions in smooth rectangular channels. The first step in the investigation was to determine the shear stress along the channel periphery. This shear stress was then used in the momentum equation to solve for the lateral cross-channel transfer of linear momentum.
The data used for this investigation were obtained previously and reported in part by Tracy and Lester (1961) . The results of 26 tests were used. Test conditions covered a range of depth-to-width ratios from 0.026 to 0.211; Reynolds numbers, from 43,770 to 726,900; average channel velocity, from 0.77 to 7.70 feet per second; and twodimensional shear stress, from 0.0038 to 0.2325 pounds per square foot.
The shear stress along the channel periphery was computed by two methods. One method made use of the Preston-tube technique, and the other, the Karman-Prandtl logarithmic velocity law. From these computed shear stresses the shear-stress distributions, the maximum shear stress, and the average shear stresses for the channel bottom and walls were determined and plotted. The average shear stress for the channel bottom was much larger than that for the channel walls at the small depth-to-width ratios. The difference between the two shear stresses diminished as depth-to-width ratios increased. The depth-to-width ratio of the channel cross section was found to be the only flow characteristic which affected the boundary sheer stress (distribution, maximum, and average) for smooth boundaries and for a moderate range of Reynolds numbers. Smooth rectangular channels having depth-to-width ratios less than 0.08 were found to have a central region hi which shear stress is approximately equivalent to the shear stress for two-dimensional flow. In other words, for smooth rectangular channels the region in which the shear stress is affected by the wall extends a distance of about six times the flow depth laterally from the wall.
